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§1 August 20, 2018
§1.1 Fields

Definition

A field is a set F with two operations, + and X, taking F xF — F. ex. Q,R,C

Properties
For a,b,c € F, these operations satisfy
1. Associativity
ea+(b+c)=(a+0b) +ec
ea-(b-c)=(a-b)-c
2. Commutativity

eat+b=>b+a.

e a-b="b-a.

3. Identities
e 30 e€F,a+0=a.
e J1eF,a-1=na.

4. Inverses
e J—a € F satisfying a + (—a) = 0.
e Ja~! € F (for a # 0) satisfying a - (a7! = 1.
5.0 1.
6. Distributivity
a-(b+c)=a-b+a-c
More Examples of Fields

o F={0,1}, sometimes denoted Fs.

o F={0,1,,a%} or Fy.
a#l = oa?+a+1=0.

[\

+ ‘ 0 1 a « x |10 1 a «
00 1 a o 0/0 0 0 0
1 1 0 o « 170 1 a o
ala a® 0 1 al0 o o 1

o’ o?  « 1 0 2|0 o 1 «

Theorem 1.1 (Uniqueness of the Identity Element)
Proof. Let T be a field and suppose 0,0’ € F are additive identities. Then

0=04+0=0. O
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§2 August 22, 2018

§2.1 Some Field Results

Theorem 2.1
For any a € F,a-0=0

Proof. Let a € F. Let b =a -0 and —b be the additive inverse of b.

04+0=0
a-(0+0)=a-0
a-0+a-0=a-0
a-0+(a-0+-b)=a-0+(-d)
a-0+0=0. O

Proposition 2.2
For any a € F,(—1) - a = —a.

§2.2 Vector Spaces
Introduction

Let IF be a field. Consider a list of ordered elements of F of length n: (z1,...,z,),z; € F.
Define F* & {(z1,...,2n) | zi € F}. Then F is a vector space.
Definition
A vector space over F is a set V together with two operations:
+:VxV -FxV

and satisfies the following;:

Properties
1. Commutativity. u+v=v+4+u Vu,v € V.

2. Associativity.
(u+v)+w=u+ (v+w) Vuv,weV.
()\1A2)-1):A1(/\2-U) YvelV.

3. Additive Identity. 30 such that 0+v=v VoveV.
4. Multiplicative Identity. dlg € IF such that lp-v=v Vv e V.
5. Additive Inverse. 3w € V such that v+ w =0 Vv e V.

6. Distributivity.
AMu+v) =Au+ v VAeF uveV
(/\1 + )\Q)U =MNv+Xv VveV.
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§3 August 24, 2018

§3.1 Examples of Vector Spaces

Example 3.1
((CZ)Ca_'_a') (CQaRa+7') (Foan>+a')

Example 3.2

V := { polynomials in = of deg < 17 with coefficients in R}, F=R
where addition is done polynomially and multiplication is done on coefficients.

84 August 27, 2018

Another Example of a Vector Space

Definition 4.1. FS % {functions from S to F'} = {f:S — F}

Example 4.2
F a field, S a set

V = F® := {functions from S to F} = {f : S — F}

Addition: f,g: S —=F (f+9)(s) def f(s)+g(s) forall s € S

Scalar Multiplication: A€ F, f: S —F  (A-f)(s) = X. £(s)

Proof that V = F? is a vector space

Additive identity: the zero function

Additive inverse: if f € V', then its additive inverse is —f : S — F.
84.1 Consequences of the Axioms of a Vector Space

Let (V,F,+,-) be a vector space.

Proposition 4.3
The additive identity of V' is unique.

Proposition 4.4

For each v € V, the additive inverse of v is unique.

Proof. Suppose that w and w’ are additive inverses of v.
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w=w+0
=w+ (v+uw) since w’ is additive inverse of v
= (w+v) +w by associativity of addition
=0+w since w is additive inverse of v
= ]

Notation: From now on, v — w means v + (—w).

Proposition 4.5
For all v e V,0-v = 0.

Proof.

0-v=(040)-v
=0-v+0-v

Now let’s compute 0-v—0-v=(0-v4+0-v)—0-v

0=0-v4(0-v—0-0)

0=0-v+0

0=0-v O
Proposition 4.6

—v=(-1)-v

Hint: Start with 14+ (—1)=0in F

84.2 Subspaces
Definition

Let (V, F,+,-) be a vector space. A subset U C V is a subspace if (U,F, +, ) is a vector
space in its own right.

Example 4.7
{(z1,32,0)| z1, 22 € R} € R? is a subspace.
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Criteria for Subspaces

4 N
Proposition 4.8 (Sufficient and Necessary Conditions)

Subspaces must satisfy the following:
1. 0eU.

2. U is closed under addition.

3. U is closed under scalar multiplication.
. J

These conditions ensure that U has a additive identity and that addition and multipli-
cation make sense within U.
e.g. If u € U, then (3) implies (—1)u € U, i.e. —u € U so U has additive inverses.
Remaining axioms are inherited from V. e.g. associativity
If u,v,w € U, then (u +v)+w=u+ (v+w) in V. But (2) u + v and v + w are both
elements of U. So (u+ v) + w and u + (v 4 w) are also in U by (2) again.
So equality holds in U!

§5 August 29, 2018

Let V=RO3) and U = {f : (0,3) = R | f is differentiable and f’(2) = 0}.
Let’s see whether U is a subspace of V.

e The zero function 0 : (0,3) — R, x — 0 is differentiable and 0/(2) = 0 so (1) holds.

e Let f,g € U. Calculus tells us that f + g is differentiable, and (f + ¢)'(2) =
f'(2)+4¢(2)=04+0=0. So f+g€U,so (2) holds.

e Let A € R and f € U. Calculus says that A - f is differentiable and (Af)'(2) =
A f'(2)=X-0=0. So A- f €U and so (3) holds.

Thus, U is a subspace of V.

Example 5.1 (More Examples of Subspaces)

{0} = {(0,0,0)} is a subspace.
A line through the origin is a subspace.
A plane through the origin is a subspace.

4 N\
Theorem 5.2

The only proper subspaces of R? are lines through the origin and planes through

the origin.
- J

Exercise 5.3. Is U = {(a,a) | a € R,a > 0} a subspace of R%?
Solution. No. U is not closed under scalar multiplication by A < 0. O
Exercise 5.4. Is U = {(a,a) | a € R} U {(—a,a) | a € R} a subset of R??

Solution. No. U is not closed under addition. O
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§5.1 Forming New Subspaces
Let (V, F,+,-) be a vector space and let Uy, ...,U, C V be subsets.

Definition 5.5. Uy + ..., U ={u1 + ... +upm |u; €U; fori=1,...,m}.

Example 5.6
For V=R3 F=R,and U; = {(2,0,0) e R? | z € R}, Uy = {(0,,0) € R3 |y € R}

Ui + Us :{(l',y,()) | .I‘,yER}

Definition 5.7. If Uy, ..., U,, are subspaces of V', then Uy, ...+ U, is called the sum
of the subspaces Uy, ..., U,.

Definition 5.8. S is the smallest subspace of V containing Uy, ..., U, if all subspaces
W of V that contains Uy, ..., U,, also contains S.

Proposition 5.9

If Uy,...,U,, are subspaces of V', then Uy + ...+ U, is the smallest subspace of V'
that contains each of Uy, ..., Up,.

Proof. First, we show that U; + ...+ U, is a subspace.
) 0=0+...+0

i) (w1 +...4um)+ W +...+upy,) = (ur +u)) + ...+ (um + u)y,) where (u1 +u)) €
Ui, ..., (um +ul,) € Up,.

iii) Check scalar multiplication for yourself.

Now we show that Uy + ...+ U,, contains each U; for i =1,...,m.
e.g. U, € Uy + ...+ U,. This holds because given any u; € U;, we can write it as
U=0-u1+...+u;+...4+0-u,.

Finally, we show that for all subspaces W of V that contains U, ..., Uy, then W
contains Uy + ...+ Up,.

By assumption, U; C W for each ¢, so u; € W for each i. But W is a subspace,
so by closure of addition, u; + ... + u,, € W. Since u; + ... + u,, was arbitrary,
Ur+...+U, CW. O

§6 August 31, 2018

§6.1 Direct Sums

Definition 6.1. Suppose Uy,...,U,, C V are subspaces. If each v € Uy + ...+ U,
ca be written in exactly one way as v = u; + ... + u,, with each u; € U;, then we say
Ui +...4+ U, is a direct sum and we write U; @ ... ® U,,.
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. )
Proposition 6.2

V=R F=R U ={(z,y,0) |2,y e R} Us={(0,0,2)]|2€R} Then

Uy + Uy is direct and Uy @ Us = R3.

Example 6.3
Let U3 = {(0,y,y) | y € R}. Then Uj + Uz + Uz = R3, but the sum is not direct.

(0,0,0) = (0,0,0) + (0,0,0) + (0,0,0)

(0,0,0) = (0,1,0) + (0,0,1) + (0, —1,—1)

Criterion for Direct Sums

Proposition 6.4 (A Necessary and Sufficient Condition for Direct Sums)

Suppose that Uy, ..., U, CV are subspaces Then Uy + ...+ U, is a direct sum if
and only if the only way of writing 0 = uy + ... + wm with each u; € U; for each i is
to take 0 =0+ ... + 0.

Proof. Assume that Uy + ...+ U, is a direct sum.

It is always true that 0=0+...+0. Since Ui+ ...+ U, is direct, this must be the
only way to express 0 as a sum of the form ui + ...+ Uy, with u; € U;. This proves the
if condition.

Suppose that the only way to write 0= up + ...+ Uy with u; € U; is to take u; =0
for all 1.

Let v € Uy +. ..+ U,, and suppose that there are two ways of writing v asv =wuy+...+
U, w;i € Uy and v = u} +. .. +uly, u; € U;. Then we obtain 0 = (ug —u})+. . .4 (um —uly,).
Note that u; — u}

Note that u; — u, € U; since U; is a subspace. Our hypothesis implies that each
u; — u = 0. Hence, u; = u} for each i. O

Lemma 6.5
Let U,W C V be subspaces. Then U + W is a direct sum <= UNW = {0}.

Proof. Suppose that U + W is a direct sum. Let v € U NW. We want to show that
v =0.
U N W is a subspace, since U, W are both subspaces So—1-v=-—visalsoin UNW.
But then 0 = v + (—v). Since U + W is direct, v = 0, —v = 0.

Now suppose U N W = {O} We will show that 0 = v+ w, u € U, w € W. It suffices
to show that u = w = 0.

0= u+ w tells us that w = —w € W. Hence u € UNW = 0. So u = 0. But then
0=0+w = w=0. U

10
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Example 6.6

U={(z,y,2) | 4+ y + 2z = 0} (plane through origin)
W ={(x =y =0} (¢#—axis)

UnwW ={(0,0,0)} .U+ W is a direct sum.
§6.2 Span
Let (V, F,+,-) be a vector space.
Definition 6.7. A linear combination of vy,...,v,, € V is a vector of the form
aiv] + ... + amUm, a; €F.
Example 6.8

(17,-4,2) = 6(2,1, —3)+5(1,—2,4) is a linear combination of (2,1, —3) and (1, —2,4).

Definition 6.9. The span of vy,...,v,,, € V is the set of all linear combinations of

. def
V... U (Le span(vi, ..., vm) = {aivi + ... + anvy, | a; € F}).

By convention, span/() o {0}

Proposition 6.10

span(vi, ..., vy,) is the smallest subspace containing vy, .. ., Up,.

§7 September 5, 2018

Proof. We do this in three parts.
1. span(vy,...,vy) is a subspace.
a) 0=0-v1+...4+0 v, ..0€span(vi,...,0vn).
b) Closed under addition. (ajvy + ...+ anvm) + (b1v1 + ... + bpvm) = (a1 +
bi)vi + ... + (am + b)) v € span(vy, ..., V).
c¢) Closed under multiplication. A(ajvi+...4+amvy) = (Aa)vi+. ..+ (Aapm)vm €
span(vy, ..., Unm).

2. v1,..., Uy € span(vy, ..., Up).
vi=0-v14+...+1-v;4+...0- v, €span(vy,..., vy

3. Smallest subspace. Let W C V be a subspace that contains v1,...,v,. We need
to show that span(vy,...,v,) C W.
Let v € span(vy, ..., vy). We'll show that v € W.

v=aiv1 + ...+ amUm a; € F.

By hypothesis, v; € W for each ¢
— a;v; € W for each 1

— a1 +...+anvm €W
— veW.

11
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Special Situation

When span(vy,...,vy,) =V, we say that v1,...,v,, span V.

Example 7.1
V=C4F=C.

(17 Oa 07 0)7 (Oa 17 07 0)7 (Oa Oa 17 0)7 (Oa Oa Oa 1) Spal V.

Example 7.2

P, (F) &f {polynomials in = with degree at most m with coefficients in F}
=span(z™, 2™ 1, ..., 2, 1)

since each element of P,,(F) has the form a,,z" + Am_1Z™ 1+ - + a1z + ag with
a; € F.

§7.1 Finite Dimension

Definition 7.3. V is finite dimensional if there is a finite list v1,...,v,, € V such
that span(vi,...,v,) =V.

Definition 7.4. V is infinite dimensional if it is not finite dimensional.

Theorem 7.5 (Vector Space of All Polynomials has Infinite Dimension)

P(FF) = {all polynomials in x with coefficients in F} is not finite dimensional.

Proof. Suppose for the sake of contradiction that P(FF) is finite dimensional. Then by
definition, 3 a finite list p1,...,py, € P(F) such that span(py,...,pn) = P(F).

Let N = max{degpi,...,degpn}. Then deg(aipi + ...+ ampm) < N and
Nt ¢ span(py, ..., pm), which is a contradiction. O

§7.2 Linear Dependence
Definition 7.6. A list v1,...,v,, € V is linearly independent if the only way to write
6:a1v1+...+amvm

iswithay =...=a, =0.

Example 7.7
InR3, (1,0,0),(0,1,0), (0,0, 1) are linearly independent because (0,0, 0) = a1(1,0,0)+
a2(0,1,0) + a3(0,0,1) = (a1, az,a3). Thus, a; = ag = az = 0.

Definition 7.8. A list of vectors is linearly dependent if it is not linearly independent.

12
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Let v € span(vy,...,vp). Then v = ajv; + ... + anvm.
Suppose v = ajv1 + ...+ al, V. Then 0 = (a1 — a))vi + ... + (am — al,)vm.

If v1,..., vy is linearly independent, then a; = af,...,am = al,
i.e. there is exactly one way to write v € span(vi,...,v,) as a linear combination of
Viye-ooyUm.

Proposition 7.9 (Key Result)

The length of any linearly independent list is at most the length of any spanning list
of a finite dimensional vector space.

We will present the proof of Proposition 7.9 later on in Section 8.

Example 7.10

{(1,0,0),(0,1,0),(0,0,1)} spans R3

Therefore, any four vectors cannot be linearly independent in this vector space.

§8 September 7, 2018

\
Lemma 8.1 (Linear Dependence Lemma)
Suppose that vy, ve, ..., v, is a linearly dependent list in V. Then there exists an
index j in {1,2,...,m} such that the following hold:
(a) v; € span(vi,ve,...,Vj-1)
(b) span(vi,va,...,Um) = Span(vi, v2, ..., Vj—1,Vj41, - - - Um)
. 4
Proof. By definition of linear dependence, a1, as, ..., a, € F not all zero such that
0= aivr + agv2 + ... + amUm,.
Let j = max{i | a; # 0}.
Then ajv1 + agve + ... + a;v; = 0.
— a1v2 tagua + ...+ a; 1vj_1 = —a;v;
1
— —a—j(alvl + agvg + ...+ aj_ﬂ}j_l) = 1);[.
So vj € span(vi, v, ...,vj_1), proving (a).
It is clear that span(vi,ve,...,vj—1,Vj41,...,0m) C span(vy,va,..., V), so we will
show that span(vi,ve,...,vm) C span(vi,va, ..., Vj—1,Vj4+1;s- -, Um)-
Let v € span(vy,va,...,vy). Then

v=ocCv] + Uy + ... +Cjvj+ ...+ CpUm, ¢ EF
=cv1+cv2+ ... +cj—1vj—1 + cj(—aij(alvl +...+ aj_wj_l)) +Cj+1Vj41 + - - .+ CmUm.
by replacing v; using f. This shows that v € span(vi,ve, ..., vm). ]

Remark 8.2. If j = 1 in the lemma above, then (a) would say that v; € span() = {0}
i.e. v1 =0.

Remark 8.3. 0 can never be part of a linearly independent list of vectors.

13
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Now we are ready to prove Proposition 7.9.

Proof of Key Result. First, we show that v; € span(uy,...,u,) = v1,U1,..., Uy I8

linearly dependent.

Lemma 8.1 tells us that we can remove some u;, without changing the span, i.e.
span(vi, Ui, . .., Up) = span(vi, Ui, . .., Uj;—1, Uj 41, - - -, Un)-

Note that Lemma 8.1 does not remove v;. If it did, then v; = 0 (because then v; € span()),

so then vy, ..., v, is not linearly independent.

Replace v1,u1, ..., u, With v, ur, ..o w1, Uj 41, - -5 Un.

Next, we note that vy € span(vy, w1, ..., Uj;—1,Uj41,---,Up) =V
=> V1,V2, UL, ..., Uj;—1,Uj;+1, - - -, Up is linearly dependent.

So by Lemma 8.1, we can remove uj, without changing the span

i.e. span(vi,va, Ut ..., Wirs .., Un) = SPAN(V1, V2, Uty - ooy Uifs - ooy Ujs -+ - Un)
Again, we note that the lemma does not remove v, because if it did, then vy €

span(vy) = wvi,..., Uy is not linearly independent.
By repeating this process, we will end up with vy, v, ..., v, and maybe some u's
spanning V. This proves that m < n. O

8§89 September 10, 2018
§9.1 Basis

Definition 9.1. A basis of V is a list vy, ..., v,, that spans V' and is linearly independent.

Example 9.2

Some examples and non-examples of bases.

1. For V.=F" v; = (1,0,...,0),v3 = (0,1,0,...,0),...,v, = (0,0,...,0,1) is
called the standard basis of F".

2. (1,2,7),(3,4,1) is not a basis. They are linearly independent in R? but they
don’t span.

3. (1,2),(2,3) are a basis for R3.

4. 1,z,2%,..., 2" form a basis for P, (F).
4 N\

Proposition 9.3

A list vy,...,vy is a basis <= every v € V can be written v = ayvy + ... +

amUm, a; € F in exactly one way.

. J
Proof. Suppose v1,...,v, is a basis of V. Let v € V. Since vy,...,v, spans V,
v=a1v1 + ...+ anVm, a; €F.

Since v1, ...,V is linearly independent, aq,...,a, € F are unique.

Conversely, suppose v € V can be written in exactly one way as v = ajv; + ... +
AmVm, a; € F. Then every v is in span(vi,...,vy). Taking v = 0 implies that the
zero vector can be expressed in exactly one way as 0 = ajv1 + . .. 4+ amvpm,. Since taking
a1,.-.,0am =0,...,0 works, this must be the only way to express the zero vector. This
implies that the list is linearly independent. O

14
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Theorem 9.4

Every spanning list can be trimmed to a basis.

Sketch of Proof. Let vi,...,v,, be a spanning list for V, B := {v1,..., v}
For j=1,...,m, do:
(If vj; € span({v1,...,vj—1} N B), then delete v; from B.)
When the loop finishes, B is a basis. O

Corollary 9.5

Every finite dimensional vector space has a basis.

Proof. Finite dimensional means that there exists a finite spanning list. By Theorem 9.4,
we can trim the spanning list to a basis. O

We can also go the other way.

Theorem 9.6

Any linearly independent list in a finite dimensional vector space can be extended
to a basis.

Proof. Suppose v1,...,vy € V is linearly independent. Let wq,...,w, € V be a basis

(which exists by Corollary 9.5). Apply Theorem 9.4 on vi,ve,...,Vpm,w,...,w, and
note that no v;’s will be removed since v1, ..., v, is linearly independent. O
Lemma 9.7

Let V be a finite dimensional vector space and U C V be a subspace. Then U is
also finite dimensional.

Proof. U = {6}, then we are done. Otherwise, vy # 0 € U. If U = span(v;), then we
are also done. Otherwise, vy € U with vy ¢ span(vy). If U = span(vy,v2), then we are
done too. We repeat this process and claim that it will end at some point.

Indeed, the process above produces a growing list vy, ..., v, of linearly independent
vectors (by Lemma 8.1) in V. Since V is finite dimensional, V has a spanning list
Wi, ...,Wh.

By Proposition 7.9, we have n < m, so the process must terminate. O

8§10 September 12, 2018

Theorem 10.1

Let V be a finite dimensional vector space and let U be a subspace of V. Then there
exists a subspace W such that V =U ¢ W.

15
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Proof. Let ui,...,u, € U be a basis of U.
We extend this to a basis for V: wuy,...,un, w1, ..., Wny.
For each v € V', we know that

v=aiul + ...+ apuy, +bjwi + ...+ bpwy, .

ev ew

Thus, V CU+W. Since U+ W CV, we must have V =U + W.
Now we show that U N W = {0}. Let v € UNW. Then since v € U, we can write
v =aiui + ...+ anu,, and since v € W, we can also write v = bjv1 + ...+ b, w,,. Then

subtracting the two equations yields 0= aiul + ...+ apu, — bywi — ... — bpw,,. But
since U, ..., Up, W1, ..., W is a basisof V, thena; =...=a, =b1=... =b,, =0, so
v=0. O

§10.1 Dimension

First, we need to prove the following theorem.

Theorem 10.2

Let (V,TF,+,-) be a finite dimensional vector space. Then any two bases of V' must
have the same length.

Proof. Let uq,...,u, and vq,...,v, be bases of V.

First, simply consider u1,...,u, as a linearly independent list and vy,...,v,, as a
spanning list. By Proposition 7.9, m < n.

Similarly, considering w1, ..., u,;, as a spanning list and v1,...,v, as a linearly inde-
pendent list, we have n < m.

This proves m = n. O

Now that we have shown that all bases of a vector space have the same length, we can
formally define what a dimension is.

Definition 10.3. The dimension of V' is the length of a basis of V', denoted by dim(V).

Example 10.4

We list the dimensions of vector spaces that we have previously encountered.
1. Since the standard basis of V' = F" has length n, then dim V' = n.

2. Since 1,x,22,...,2" is a basis of V = P, (F), then dim(P,(F)) = n + 1.

~N
Proposition 10.5

If U is a subspace of V' then dimU < dim V.

J

Proof. A basis of U is a linearly independent list in V' while a basis of V' spans V. So
Proposition 7.9 = dimU < dimV. O

16
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Proposition 10.6

If dimV =n and vy, ..., v, is linearly independent, then vy, ..., v, spans V.
Proof. Extend vy, ..., v, to a basis. Since dim V' = n, then the new list must have length
n, Hence, v1,...,v, was already a basis. O

Proposition 10.7

If dimV =n and vy,...,v, spans V, then vy, ..., v, is linearly independent.

Proof. Boring and similar to above. O

Example 10.8

Let U = {f(x) € Po(R) | f(-2) =0} € P3(R) ,
——

4 dimensional

Then dimU < 4.

Proof. dimU < dimV = 4. Suppose that dimU =4 =dim V.

But this implies that U = V since if ui,...,uq is a basis of U, then it is linearly
independent in V. But dimV =4, so u1,...,us isa basisof V = U =V.

But f(z) = x is in P3(R) = V, but f/(-2) = 1 # 0, hence U # V, which is a
contradiction. O

Proposition 10.9 (Sum of Dimensions)

Let V be a finite dimensional vector space and let Uy, Us C V' be subspaces. Then

dim(U; + Uy) = dim Uy + dim Uy — dim(U; N Us).

§11 September 14, 2018

Proof. Let uq,...,u, be a basis of U NUs. We'll extend this basis in two ways:

e to a basis of Uy: u,...,Un,v1,...,Us; and
e to a basis of Us: w1, ..., Unm, w1, .., ws.
We claim that w1, ..., Um,v1,..., Vs, W1, ..., Ws is a basis of Uy + Us.

First, we’ll show linear independence. Suppose that 0= Yoaiur + Y bjvi + > cpwy.

Then Z a;uy + Z bjvj = — Z CLWE,

~
in Uy

which means that — > cpw, € Uy NU; = — > cpwp = > dju; since ug, ..., Uy, is a

basis of Uy N Us. i.e.
0= chwk + Zdzuz

17
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— ¢’s and d;’s are all 0 since uq, ..., Unp, W1, ..., Ws are a basis of Us.
Since ¢’s are all 0, we must have

0= Zaiui + ijvj.

But then a;’s and b;’s are 0, since u1, ..., Um,vj,...,, are a basis of Uy. This proves
the claim, and now we can compute the dimensions.
dim(U; +Uz) =m+n+s= (m+n)+(m+s) —m = dim(U;) + dim(Uz) + dim(U; N Us)
as desired. O

§11.1 Linear Transformations

Definition 11.1. Let V, W be vector spaces over F. A linear map or linear transfor-
mation from V to W is a function T : V' — W with the following properties:

o Additivity: T'(u+v) = T'(u) + T (v).
S~ N———
inV in W
e Homogeneity: T'( \v ) =X -T'(v).
inV in W

Remark 11.2. T(0y) = Oy since T(0y) = T(0y + Oy) = T(0y) + T(0y)
= T(Ov) = OW

Notation: L(V,W) ={T:V — W | T linear}.

Example 11.3 (Common Linear Maps)

Some common linear maps are:
1. Zero map: 0:V — W mapping v — Oy
2. Identity map: Id, : V — V mapping v — v Id, € L (V,V)
3. Differentiation
4. Integration

5. Shift: T : F*° — F* mapping (x1, z2,...) — (z2,23,...).

6. T : R? — R? mapping (z,y,2) — (5 — 2y + 2,72 +y — 2).

§12 September 17, 2018

Proposition 12.1 (Linear Maps are Vector Spaces)
ZL(V,W) is a vector space over F.

Proof. Let S,T € Z(V,W). Then (S+ T)(v) := S(v) + T(v) for all v € V and for
all A € F, (A\T)(v) := X-T(v), so that Z(V,W) is closed under addition and scalar
multiplication. Moreover, the additive identity is just the zero map.

Z(V,W) in fact has extra structure: we can also “multiply” maps using composition:

vLvs W, where T, S are linear maps. ST : U — W by ST'(u) e S(T(u)).
The properties of this composition are:

18
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e Associativity.
UL v 2w B X, where Th, Ty, Ty are linear maps, then T3(ThT}) = (T5T3) T

o Identity.
Id, - T=T-1d, =T

e Distributivity.
S1,55 € g(V, W),T S g(W,X)
T(51+52):T-51+T-SQ. ]

Proposition 12.2

Linear maps are determined by what they do to a basis of a domain.

Let T : V — W is a linear map and suppose v1,...,v, is a basis of V. Suppose we
know what the elements of T'(v1),T(v2),...,T(v,) € W are.
Let v € V. Then v = aqvy + ... + apvp,a; € F and T'(v) is already defined:

T(v) =T(a1v1 + ...+ ayvy)
= T(alvl) + ...+ T(anvn)
=a;T(v1) + ...+ a,T(vy,).

Proposition 12.3 (Axler 3.5)

Suppose vy, ...,v, € V is a basis of V and wi,...,w, is any list of vectors in W.
Then there is ezactly one linear map 1" : V — W sending v; — w; for each .

More precisely, for any v = ajv1 + ... + apv, € V, the linear map in Proposition 12.3 is
the map T'(v) = ajwi + ... + apwy,.

§12.1 Kernels
Definition 12.4. Let T € £ (V,W). The kernel, or null space, of the map T is

ker(T) € {v € V | T(v) = O }.

Remark 12.5. T(0y) = Oy = Oy € ker(T) always.

Example 12.6 (Kernels of Common Linear Maps)

The kernels of some common linear maps:
e The zero map 0 € Z(V, W) has ker(0) = V.
e The identity map Idy € .Z(V, W) has ker(Id,) = {0}.
e The differentiation map D € Z(V, W) has ker D = {c | ¢ € R}.

e The shift map shift € Z(F°°,F>°) has ker(shift) = {(a,0,0,...,) | a € F}.

19
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Lemma 12.7 (Kernel of a Linear Map is a Subspace)
If T'e £(V,W), then ker(T) is a subspace of V.

Proof. Check each of the properties. O

Definition 12.8. A map is injective if T'(u) = T'(v) = u = .

8§13 September 19, 2018

Proposition 13.1 (Injective Maps Have a Trivial Kernel)
A linear map is injective <= ker(T) = {0y }.

Proof. Suppose T is injective and let v € ker T. We know that T'(v) = Oy = T'(0Oy), but
since T is injective, v = Oy

Conversely, suppose kerT = {Oy}. Suppose Ju,v € V such that T(u) = T(v).
Then Oy = T'(u) — T'(v) = T(u — v), but since the kernel of T only contains Oy, then
u—v=0y = u=uv,s07T is injective. O

§13.1 Images

Let T € Z(V,W).

Definition 13.2. The image of T is Im(T) ={w e W |w =T (v),v € V}.
Claim 13.3. Im(T) C W is a subspace, e.g. Oy € Im(T), since T'(0y) = Oy .

Example 13.4

Some examples:
1. 0 Z2(V,W), Im0= {0y}
2. ldy € 2(V,V), Im(ldy) ="V
3. Differentiation D € Z(P(R),P(R)), Im(D)=P(R)

Definition 13.5. A map T € Z(V,W) is surjective if for every w € W, there exists
v € V such that T'(v) = w, i.e. Im(T) =W.

Example 13.6
D = Z(P5(R), P5(R)) differentiation is not surjective since #° ¢ Im D.

Let V be a finite dimensional vector space over F and suppose T' € .Z(V, W).

Theorem 13.7 (Rank-Nullity Theorem)

dimV = dim(ker ") 4+ dim(Im T")

20
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The Rank-Nullity Theorem also tells us that Im T is finite dimensional.

Proof. Let uq,...,uy, be a basis for ker T'. Note that dim(kerT') = n.

We extend this to a basis for V' : uy,...,un,v1,...,0m, so dimV =n+ m.

We claim that T'(vi),...,T(vy) is a basis for Im(7'), in particular Im(7') is finite
dimensional.

First, we show that the list spans Im 7. let w € ImT'. Then w = T'(v) for some v € V.
We have v = aju; + ... + apn + b1v1 + ... + b, so w = T(v) = a;T(ug) + ... +
anT(up) +b1(T(v1) + ... + by T(vy) = 01T (v1) + ... + by T(vy,) since the u;’s are in
ker T'. This means that w € span(T'(vy), ..., T(vy)).

Now, we show that the list is linearly independent. Suppose Oy = ¢1T(vi) + ... +
emT (o) =T (crv1)+. ..+ T (cmvm) = T(crv1+. . .+ Emm), 1.e. crv1+...+cnvpy, € ker T
Since ker T' has the u;’s as a basis, we have civ1 + ... + ¢vm = diur + ... + dpuy,, then

6\/ =diui+...+dplty —C1U1 —. .. — CpUm. Since uq, ..., Uy, 1, ... ,V, are a basis of V by
assumption, this forces ¢y = ... =¢n =dy ... = d, =0, so the only way to write Ow as
a linear combination of the T'(v;)’s is when all coefficients are zero, i.e. T(v1),...,T (V)
is a basis of Im 7. O

814 September 21, 2018

Corollary 14.1 (Linear Maps to Lower Dimensions Are Not Injective)

Suppose dim V' > dim W. Then any linear map T : V — W cannot be injective.

Proof. By the Rank-Nullity Theorem,
dimkerT =dimV —dimImT > dimV —dimW > 0
So ker T # {0y }. O
Corollary 14.1 can be applied to systems of linear equations:

1,121+ ...+ a1pTn = 0

Am1T1 + ..+ ATy =0

‘We observe that one solution of thisis z1 =... =z, = 0.
T 1121+ ...+ a1pTn
We can rephrase this as: T: R" = R™ [ : | —
T Am1T1 + ...+ Gy

Is ker T = {0y }?
If n > m, then ker T" # {0y }. More variables than the number of equations implies
that we get solutions to the homogeneous systems!

§15 September 24, 2018

Corollary 15.1 (Linear Maps to Higher Dimensions Are Not Surjective)
Suppose dim V' < dim W. Then any linear map T : V' — W cannot be surjective.

Proof. dim(Im7T) = dimV —dimker7T < dimV < dimW. So Im7T # W = T is not
surjective. U
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§15.1 Matrices
The Matrix of Linear Map

Let V, W be finite dimensional vector spaces and T' € Z(V, W).
We choose bases v1,...,v, of V and w1, ..., w,, of W.Then
T(vi) € W means T'(v1) = a11w1 + ag 1wz + ... + am,1Wn,
T'(v2) € W means T'(v2) = aj 2wy + ag 2wz + ... + G 2Wpy,

T(vy,) € W means T'(vy,) = a1 pw1 + a2 pW2 + ... + QW
Recall that a linear map is determined by what it does to a basis. So the array of numbers

ai ai2 ... Qin
az 1 ag.2 c.. G2n
am71 am,2 - am,n
T ) )
T(vi) T(ve) ... T(vpn)
encodes T'. This is called the matrix of T" with respect to v1,...,v, and wy, ..., Wy,.

Notation: M (T, (v1,...,vn), (W1,...,wpy)) or M(T).

Example 15.2 (Importance of the Choice of Bases)
T : F? — F3 mapping (z,y) — (z + 3y, 22 + 5y, Tz + 9y) has

1 3
M(T)=1|2 5
79

if we choose the standard bases for F2 and F3. However, if instead we choose the
basis v] = (1,1) and vy = (3, —1) for V but keep the standard basis for W, we would
get T'(v}) = (4,7,16),T(v5) = (0,1,12) so

4 0
MT)=[7 1
16 12

22
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Example 15.3 (Differentiation)
For D € Z(P3(R),P2(R)), if we choose the basis P3(R) : 1 , z , x?, 2
SRR N O
U1 [ v3 V4
PMR): 1, z ,x*,
— NS
w1 wo w3
D(1) = =0-w; +0-wy+0-ws3
D(l’) =1 =1-w+0-we+0-w;s
D(x2):2az =0-wy +2-wy+0- w3
D(x3) =32% =0-w; + 0wy + 3 - w3
S0
01 00
M(T)=10 0 2 0
00 0 3

8§16 September 26, 2018

We know that linear maps can be encoded by matrices, and we also know that LL(V, W)
is itself a vector space over F. This means that linear maps can be added, scaled, and
composed. Below we examine what happens to the corresponding matrices under these

operations.

1. Addition: S, T € Z(V,W) =
We choose bases v1,...,v, of V

(S+T)(v)=Sw)+T(v).
and wy,...,w,, of W.

Looking at the & column, if we have S(vg) = aj pwi + ...+ ap Wy and T'(vg) =

bi pw1 + ... + by W, then

ai,1

(S +T)(vk) = S(v) + T(vk)

= (a1p + b1 p)wi + ...+ (@m i + by k) Wi, SO

M(S+T) =

a1n bl,l bl,n
| M@= z
Am,n bm,l bm,n
T T )
S('Un) T(Ul) T(Un)
ai + b1 a1p +bin
am,1 + bm,l Ampn + bm,n

i.e. we can define addition of matrices entry by entry M (S) + M(T) def M(S+T)

Aap pwy + .o Ay, g Wi

. Scalar Multiplication: Then (AT')(vg) = AT'(vg) = Aaipwi + ... + apmpwy) =
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AM(T) & M.
3. Composition:
T S
U—-V =W
We choose bases (u1,...,u), (V1,...,0,), (W1,...,wy) of U, V,W respectively.

T(uj) =brjor + ... +byjo,  S(vg) = a1 pwi + ... + ampwm

b171 . bl,n ai,1 ce. Q1n

S oT(uj) = S(T(uy))

= S(bl,jvl + ...+ bn,jvn)

= S(bLj’Ul) 4+ ...+ S(bn,j’l}n)

= b17jS(U1) + ...+ bn,jS(vn)

=bij(a,iwi + ...+ amawm) + ...+ by j(amiwt + ...+ W)
= (b17]’a171 + b27ja172 + ...+ bn,ja17n)w1 + ...

n n
= (Z al,kbk,j> w4+ ...+ (Z am,kbk,j> W -
k=1

k=1

Definition 16.1. Define matrix multiplication by

@i, ' bi,; = Cij

n
with Cij = E ai,kbk,j
k=1

Definition 16.2. ™" % matrices with m rows, n columns and its entries in F.
Define addition and scalar multiplication as we just did. Then F™" is a vector space
over F.

817 September 28, 2018

Suppose A is an m X n matrix over R.

ai,1 c.. Q1n
A pu—
Gm,1 --- QAmmn
Then A = M(T4), where T4 : R" — R™ with standard bases (0,..., 1 ,...,0) —
kYR entry

(al,k‘; A2 ks - am,k’)

Proposition 17.1 (Matrix Multiplication is Associative)
If A, B,C are matrices, then (A-B)-C=A-(B-C).

24
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Proof. We’ll view each matrix in terms of linear maps.
A+— Ty :R* - R™

B+—Tp:RP 5 R"”

C+—To:R"— RP so

§17.1 Invertible Linear Maps

Definition 17.2. T € Z(V,W) is invertible if 35 € Z(W, V) such that SoT = Idy
and T o S = Idy.

Definition 17.3. If S is the inverse of T', then S def -1,

Remark 17.4. Inverses, when they exist, are unique.

Proof. Say S1,S2 € £ (W, V) are both inverses of T' € .Z(V,W). Then
Sl :Slo(TOSQ) = (SloT) 'SQ :SQ.

Theorem 17.5 (Invertible Maps are Both Injective and Surjective)
T e £(V,W) is invertible <= T is injective and surjective.

Proof. Suppose T is invertible, and let 7! be its inverse.
Then T is injective. Indeed, if Ju,v € V such that T'(u) = T'(v), then

w=T"YT(u)=T"YT()) =v

so T is injective.
T is also surjective. Indeed, let w € W. Then

w=T(T" (w))

= w € Im(T'). Since w was arbitrary, T is surjective. O

Now suppose T is both injective and surjective. We’ll define an inverse for T

Let S: W — V mapping w — the unique v € V such that T'(v) = w. We claim that
S is linear.

Indeed, T'(S(w1) + S(we)) = T(S(w1)) + T(S(w2)) = w1 + we = T(S(w1 + wa)) so
that S(wi) + S(w2) = S(wy + ws), showing that S is additive.

Moreover, T'(AS(w)) = AT(S(w)) = Aw so AS(w) = S(T'(AS(w))) = S(A\w), so S is
homogenous. Hence, S is linear.

T oS = Idw by definition of S and S oT = Idy. Indeed, let v € V. Then
To(SoT)(v)=(ToS)oT(v)=T(v). T injective means (S oT)(v) = v. O

25
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§18 October 1, 2018

§18.1 Isomorphism
Definition 18.1. An invertible map 7' € Z(V, W) is called an isomorphism.

This is denoted by V ~ W, i.e. 3 an isomorphism 7' € Z(V,W).
Let V, W be finite dimensional vector spaces. Then we have the following proposi-
tion.

Proposition 18.2 (Isomorphism Means Equal Dimension)
VW < dimV =dimW.

Proof. Note that V ~ W means 3 invertible T' € Z(V,W). We apply Theorem 13.7:
dimV = dim(ker T") + dim(ImT") = 0 + dimW =dimW. O
~~ ——
T is injective T is surjective

Conversely, if dimV = dim W, then we can construct an invertible 7' € Z(V,W).
Indeed, let vq,...,v, be a basis for V and w1, ..., w, a basis for W. By Axler 3.5, there
exists a unique linear map 7" : V' — W such that T'(v;) = w; for 1 <i < n.

We show that T is surjective. Indeed, let w € W such that w = ajwi + ... + a,wy
for a; € F. We note that T'(ajv1 + ... + apvn) = aqwy + ... + apw, = w. Hence,
weImT = W CImT, and since ImT" C W by definition, T is surjective.

T is also injective. Indeed, we apply rank-nullity.

dimV = dim(kerT) + dim(Im7) = dim(kerT) + dimW = dimker7 =0 =
ker T = {0,}. This concludes the proof. O

Example 18.3 (V ~ W <= dimV =dim W)
P3(C) and C* are isomorphic.

Proof. We choose bases for each vector space and follow the recipe from the previous proof.

3T :P3(C) »C!
1—(1,0,0,0)
z+(0,1,0,0)

22 +—(0,0,1,0)
231+(0,0,0,1)

3

and this maps ag + a1z + asz? + a3z — (a1, a2, a3, as). O
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Example 18.4

Let V, W are finite dimensional vector spaces over F. We choose bases v1,...,v, of
V and wy,...,w, of W. Then

M: L(V,W) —Fm™n
T —M(T, (v1,...,0,), (Wi,...,Wy))
Ty —A

is an isomorphism.

Corollary 18.5
dim Z(V,W) = dimF™" = m - n.

J

Definition 18.6. A linear map 7' : V' — V is called an endomorphism (or an operator
of V).

Notation: Z(V) def LV, W).

Example 18.7
We have the following

1. T e Z(P(R))
T:P(R) — P[R)
fo= 2Pf
is injective, but not surjective

2. §:C*® — C=® with (x1,x9,x3,...) — (z2, 23, ...) is surjective but not injective.

\
Theorem 18.8 (Injectivity, Surjectivity, and Invertibility of Endomorphisms)

Let V be a finite dimensional vector space. Let T' € £ (V). Then the following are
equivalent:

1. T is injective.
2. T is surjective.

3. T is invertible.

J

Proof. 1t suffices to show that (1) = (2),(2) = (3),(3) = (1), but the last two
have actually been shown in Theorem 17.5.

(1) = (2): T is injective means that kerT = {0y }. By Rank-Nullity, dimV =
dimkerT 4+ dimIm7 since T : V — V, ImT C V and says dimV = dimImT so
V =ImT, ie. T is surjective. U
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§19 October 3, 2018

Example 19.1
Show that for ¢ € P(R), there exists p € P(R) such that ¢ = [(z% + 2z + 3) - p)]”

Proof. We first restrict ourselves to the finite dimensional setting. Let T : P, (R) —
Pm(R) mapping p — [(z2 + 22 + 3) - p]”. Check that this is a linear map. We need to
show that T is surjective, but by Theorem 18.8, it suffices to show that T is injective.
We look at ker T'. The only polynomials that have second derivatives equal to 0 are of
the form ax + b, so p € ker T if p - (2? + 22 + 3) = ax + b. This forces p to be the zero
polynomial. Thus, ker T = {0} = T is injective. O

Remark 19.2. The proof of Example 19.1 actually shows that p is unique.

§19.1 Linear Maps as Matrix Multiplication

Let V be a finite dimensional vector space with basis v1,...,v, and T € Z(V,W). Let
veV. Then v =cv +...+ ¢cyv, for ¢; € F.

C1
Define M(v) = | : |. eg., V = P3(R),v; = 1,v9 = 2,03 = 23,04 = 23, so v =
Cn
2
3 -7
2—Ter+52° = M(v) = 0
)

Claim 19.3. M(T'(v)) = M(T) - M(v).

Proof. T(v) =T(civ1+...+cpvn) = 1T (v1)+. ..+ ey T(vy), so we have that M (T (v)) =
1 M(T(v1)) 4+ ...+ e M(T(vy)).

ai.1 ai.2 s Q1n
M(T) =1 : oo | To) T(v2)  T(vn)
am71 am,2 .- am,n
ai.k ai
Note that M (T(v;)) = k' column = : |. Thus, M(T(v)) = 1 : 4o
Am,k am,1
ain ciai11 + -+ cpary
cn | = : = M(T) - M(v). 0
Um,n C1am,1 + -+ + CnGmn

§19.2 Product of Vector Spaces

Let Vi, ...,V be vector spaces over F.

Definition 19.4. V; x ... x V}, def {(v1,...,vn) | vi € V;}.

Thus, elements of R? x R3 look like ((x1,%2), (¥1,%2,y3)) and elements of Pa(R) x R?
look like (ag + arx + azx?, (21, 22)).
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Define addition and scalar multiplication component-wise, i.e.
(01, e 0m) + (U 00) = (01 + 0,02+ Vs 0+ 0.

This makes the product into a vector space over F.

4 N
Proposition 19.5

Let V4,...,V,, be finite dimensional vector spaces. Then V; x ... x V,, is also a
finite dimensional vector space and

dim(Vi x ... x V) =dimV; + ...+ dim V,,.
. J

Proof. Let v; j,1 < j < nbe abasis for V;. Then (0,0,..., v;;, ,0,0,...,0)isabasis. [
—~~

ith slot

§20 October 5, 2018

Connection to Direct Sums

Say Uy, ...,U, CV are all subspaces. Define I' : Uy x ... x U,, = Uy +...4+ U, mapping
(U1, ..., Upm) — U + ...+ Up. Check that this is linear.

Remark 20.1. T is injective <= the only way to write 0 = uj + ... + uy, is to take
u; = 0 for all 4, i.e. Uy + ...+ U, is a direct sum.

Remark 20.2. T is surjective.

Remark 20.3. If V if finite dimensional, then Uy, ..., U,, are also finite dimensional
= Uy x ... x U, is finite dimensional.

Proposition 20.4 (Additivity of Dimensions in Direct Sums)

IfUy,...,U, CV are subspaces of a finite dimensional vector space, then Uy + ...+
Un=U1®...0U, < dinU; +...+Uy) =dim(Uy) + ...+ dim(U,,).

Proof. The sum is direct <= T'is injective <= kerT' = {0}. By Rank-Nullity,
dim(Uy x ... x Up,) =dimkerI' + dimIm T’

— dimU; +...+dimU,, = 0+ dim(U; + ...+ Up).

§20.1 Affine Subsets

Let V be a vector space over F, U C V be a subspace and v € V.

Definition 20.5. v+ U =% {v+u|ueU} is called the affine subset parallel to U.
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Example 20.6
V =R2%U = {(x,22) | z € R} with v; = (3,1),v2 = (4, 3) has

v +U:={B+z1+2z)|zecR}
vo+U :={(4+2,3+2z)|zeR}

Note that v1 + U = vy + U even if v1 # vs.

Remark 20.7. In the above example, the affine subsets are no longer subspaces because
they do not contain (0,0). In general, affine subsets parallel to U need not be subspaces.

4 N\
Lemma 20.8 (Parallel Affine Subsets Are Equal or Disjoint)
The following statements are equivalent:
(i) n+U=v+4+U
(ii)) vi—v2 €U
(iii) (1 +U)N(v2+U)#0
. J

Proof. (ii) = (i): Suppose v1 —vg € U. Let v € v1 + U. So v = v1 + u for some u € U,
ie. v =vy+ (v1 =v9)4+u € vo+U. Thus, v1 + U C vy + U. Similarly, we’ll have

U
vo+UCwv; +U. O
(i) = (iii): Clear
(iii) = (ii): Suppose w € (v1 +U) N (v2 + U). Then w = v; + u and w = ve + v’ with
wu' €U. So0=v;+u—(vg+u) = 0= (v —v)+(u—u) = v1—vg=u —uc
U. O

§20.2 Quotient Vector Spaces

Definition 20.9. The quotient V/U is the set of all affine subsets parallel to U.

VUL v+ U [veV).

Example 20.10

V =R% U = {(x,22) | € R} has V/U as the set of all lines parallel to U, i.e. all
lines in R? with slope 2.
Note that an element of R?/U is a whole line in R2.

Example 20.11

Let V = R3 andU be a plane through the origin. Then R3/U is the set of all planes
parallel to U.

V/U is a vector space.

Definition 20.12. Addition: (v; +U) + (w + U) & (v+w)+U.

Definition 20.13. Scalar Multiplication: A - (v + U) N+ U.
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§21 October 10, 2018

We check that the operations are well-defined (independent of a choice), i.e. if v +U =
v +U,and w+U =w'+ U, then (v+w)+U = (v +w')+U.
v+U=v4+U <= v—v eUandw+U=w'+U <= w—w €U by Lemma 20.8.
Since U is a subspace, v—v'+w—w' € U <= (v+w)—('4+w') €U <= (v+w)+U =
(W +w)+U.

We also check for scalar multiplication.
v=—0v €U <= ANv—V)eU < - M eU < w+U=M+U.

So the operations are indeed well-defined.

§21.1 Quotient Map
m:V = V/U
v—=v+U

Suppose that V' is finite dimensional, then so is U.
Rank-nullity theorem states that dim V = dim ker 7 4+ dim Im 7.

Proposition 21.1
7 is surjective = Imm = V/U.

Proof. kerr ={v eV |[v+U=04+U}=U. O

This tells us something important.

Corollary 21.2
dimV = dim U + dim(V/U)

§21.2 First Isomorphism Theorem

Let T € Z(V,W). Define

T:V/kerT — ImT
v+kerT — T(v)

T
A——B

A/ ker(f)
We'll prove the following claims:

1. T is well-defined.

Proof. If vi + ker T = vy + ker T', then T'(v1) = T'(v2) because v; — vy € kerT —
T(’Ul — ?}2) =0 = T(Ul) = T(’Ug). ]

2. T is injective.
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Proof. Suppose T(v+kerT) =0 . Then T(v) —0 = v ekerT <= v+kerT =
0+kerT. O

3. Tis surjective.

Proof. Let w € ImT. Then T(v) = w for some v € V. = T(v+kerT) = T(v) =
w. g

This proves that V/kerT is isomorphic to Im 7.

Proposition 21.3
V/kerT ~ImT

§21.3 Duality

Let V be a vector space over F.

Definition 21.4. V' % Z(V,F) is called the dual space of V.
If V is finite dimensional, then dim V' = dim .Z(V, F).

Definition 21.5. ¢ € Z(V,F) is called a linear functional.

Example 21.6

Some linear functionals:

1. V=R, F=R,¢:R3 > R.

§22 October 12, 2018
§22.1 Dual Bases

Suppose V' is a finite dimensional vector space. Choose a basis v1,...,v,. Define
¢i : V> F
1 ifi=j
Vj = j'
0 otherwise

Definition 22.1. The shorthand ¢;(v;) = J; ; is the Kronecker delta function.
The list ¢1,..., ¢, is called dual basis of V'’ with respect to vy,...,vp,.

Example 22.2
For V = R? F = R and standard bases e; = (1,0,0),e2 = (0,1,0),e3 = (0,0, 1),

&1 ((x1, 2, x3))
=¢1(x1e1 + T2€2 + x3€3)
=z1¢1(e1) + 2201(e2) + P1(e3)
=1

In general, ¢;((x1,x2,23)) = ;.
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Theorem 22.3 (Dual Basis is a Basis)
@1, ..., ¢, are a basis of V.

Proof. Linear independence: Suppose that a;¢1 + ... + andp, = 0 in L (V,F). Then
a11(vi) + ...+ andn(v;) =0 = a; = 0. So the list is linearly independent.
Span: dimV’ = n and ¢1,...,¢, are linearly independent, so they span the vector
space. ]
§22.2 Dual Maps
Let T" € Z(V,W).

Construct T": W' —V/(T' e L(W' V"))

¢ W—=>F—¢oT:VF

That is T7'(¢) = ¢ o T as elements of V'

Example 22.4
D € Z(P5(R),Ps(R)) and D" € Z(Ps(R), P5(R)").
Let’s take an actual ¢ € P4(R)’, e.g.

o: Py(R) —R

1
p '—>/P
0

Then

Claim 22.5. T’ is linear.

Proof. ¢, € W'. Then
T(p+4)=(p+4)oT
=¢oT +yYoT
= T'(6) + W)

T'A-¢)=(A-¢)oT
(¢oT)

T'(¢).

-
-

Properties of T’
For T,S € L(V,W)
1. (T+8) =T+
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2. N-TY =A-T'
3. (SoTY=To8. ULVEW = w L v Ly
Proof of (3).
(SoT)(¢) =¢o(SoT)
— (608)oT
—T'(¢05)
=T'(5'(9)) = (T"0 5") (&)

We want to describe ker 77 and Im 7" in terms of ker T and Im 7T'.
Let U C V be a subspace

Definition 22.6. The annihilator U° C V' is

U0 Y (6 eV | p(u) = O0Vu e U}

Uposhot: ker T" = (Im T)° and Im 7" = (ker T')".

Example 22.7

V = R with standard basis e1, ..., e5. V' has dual basis ¢1, ..., ¢5 with ¢;(e;) = & ;
U = span(ey,e3) € V. Then U® = span(¢s, ¢4, ¢5).

8§23 October 15, 2018

Proof. We show that U® C span(¢s, ¢4¢s). Let ¢ € U°. Then ¢ = a1¢1 + ...+ as¢s and
p(e1) = 0= P(e2).

Thus 0 = ¢(e1) = a1¢(e1) + agda(er) + ... + asp1(es) = aq. Similarly, ag = 0, so that
¢ = azp3 + as¢4 + asPs

We now show that span(¢s, ¢4, ¢5) C UY.

Let ¢ = asps + as¢4 + a5 be in span(¢s, da, ¢5) and let u € U, so u = aje; + azes.

So ¢(u) = azgps(aie1+ages)+. . . +asps(arer+azes) = azarps(er)+azazps(e)+... = 0.
So ¢ € U°. O

Exercise 23.1. U = {¢p € V' | ¢(u) =0 Yu € U} is a subspace of V'.

Proposition 23.2
dimV = dimU + dim U°

Proof. Letwuq,...,u, beabasisof U. Extend thistoabasisof V: uy, ..., up, Unt1,-- -, Untm-
Let ¢1,. .., $nim be a dual basis for V', i.e. ¢;(uj) = d; ;. We claim that ¢ni1,..., Ppym
is a basis of U°.

Linear independence: Suppose api1¢ni1 + - .- + Gnim®Pnim = 0 in V/. Plug in
Up4j = Ap+j = 0.

span: Let ¢ ¢ U € V!, ¢ = a1¢1 + ... + @pnim®nim Then by definition of annihilator

of U, ¢(u1) = p(ug) = ... = ¢(up) = 0 = a3 = ay = ... = a, = 0. Hence
¢ = ans10ni1 + -+ GpimPrim, 50 U C span(dpii, ..., dnim). The other direction
follows from the definition of ¢;’s. Finally, dim U 0 =m. O

Remark 23.3. U is not a subspace of V.
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4 N\
Theorem 23.4

Let V, W be finite dimensional vector spaces and T' € Z(V,W), so T' € L(W', V).
Then

1. ker 7" = (ImT)°
2. ImT" = (ker T)°.
. J

Proof. 1. ¢ €ekerT' CW'
¢oT =0 as maps in V'
(poT)(v)=0 VveV
(T (v)) =0 VveV
p(w)=0 YwelmT
¢ € (ImT)°.
2. Let ¢ € ImT’. Then ¢ =T () =1 o T for some ¢p € W'.
Let v € ker T. Then ¢(v) = (T (v)) = (0) =0 = ¢ € (ker T)°.
To finish, it suffices to show that dim Im 7" = dim(ker 7)°.
dimIm 7’ = dim W’ — dim ker T”
= dim W’ — dim(Im T)°
= dim W — dim(Im T)°
=dimImT
=dimV — dimker T’
= dim(ker T')" O
Remark 23.5. This proof also shows that dimIm 7T = dim Im 7".

11117

Corollary 23.6
dimker 7" = dimker 7'+ dim W — dim V'

Proof.
dimker 7" = dim(Im T')°
=dimW —dimIm7T
=dimW — (dimV — dimker T")

U
Remark 23.7. If dimV = dim W, then dimker T = dim ker T”.
4 )
Corollary 23.8
Let V, W be finite dimensional vector spaces and T € .Z(V, W).
(1) T is injective <= T’ is surjective.
(2) T is surjective <= T’ is injective.
\- J
Proof of (1). T is injective <= kerT = {0} <= (kerT)? =V’ = ImT =
V! <= T’ is surjective. O
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§24 The Matrix of the Dual Map

Consider T': V — W with finite dimensional vector spaces V, W having bases vy, ..., v,
and wi, ..., wy, respectively.

T had dual map 7" : W' — V' with W/, V' having the dual bases 91, ..., 1, such that
i(w;) = d;5 and ¢1,. .., ¢y, such that ¢;(v;) = d; ; as their bases respectively.

Claim 24.1. M(T", (1, ..., %m), (61, ..., dn)) = M(T, (01, ..., 00), (w1, .., wm))"

Recall: The transpose of a matrix A is A* where (A"); ; = A;,.
1 2

eg. A=|(3 4 At:(; 2 2)
5 6
a1l .- Qln 1,1 .- Cim
Proof of Claim. Say M(T) = oo and M(T") =
am,1 --- QGmmn Cn,l -+ Cnm

Note that this means T"(¢;) = c1,;¢01 + ... + Cn jOn.
Then (wj o T)(Ui) = @/Jj(T(Uﬁ) = ¢j<a17iw1 + ...+ amviwm) = a1’i¢j<w1) + ...+
am,i%(wm) = Qj
We also have that ¢1 j¢1(vi) + ...+ ¢njon(vi) =04+ ... +¢j-14+...+0=c;.
Together, this shows that ¢; ; = a;;. ]

Corollary 24.2

row rank = column rank

ai.1 . Q1m
m X n matrix A = o : € Fmn.

Definition 24.3. The column span of Ais C'S(A)span((a1,1,---,am1)s---, (@15, amn)) C
Fm™.

Definition 24.4. The row span is RS(A)span((@1,1,..-,01,n),---5(@m1,---,Amn)) <
F™.

§25 October 19, 2018

Theorem 25.1 (Rank of a Matrix)

The column rank of A is equivalent to the row rank of A.

Proof. A = M(Ty) for Ty - F* — F™ with respect to the standard bases. A =
Ta(er) Ta(ea) ... Talen) |, so CS(A) = span(Ts(e1),...,Taley)) = ImTy and

dim CS(A) = dimIm T4. But since dim Im 74 = dim Im 7, and dim Im 7" = dim CS(4") =
dim RS(A). O
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§25.1 Invariant Subspaces

Our goal is to understand linear operators T € £ (V) for a finite dimensional vector space
V. We do this by breaking up the problem into smaller pieces, e.g. V=U; & ... U,.

So we can first restrict our attention by considering T'|y, : U; — V. The issue with this
method is that Im 7’|, might lie in U;. This is where the notion of an invariant subspace
comes in.

Definition 25.2. U C V is an invariant subspace under T if T|y € Z(U), ie.
ImT|y CU (VueUT(u) €U).

Example 25.3

The following are examples of invariant subspaces:
e U = {0} is trivially an invariant subspace: T(0) = 0.
e U=V, ImT CV.

e U=kerT,uckerT = T(u)=0 € kerT.

A natural question to ask is what invariant subspaces of dimension 1 look like.

To see this, we let U = span(v), v # 0. To say that T'(v) € U means that T'(v) = A\v
for some A\ € F. Conversely, if T(v) = v for some v # 0, then U = span(v) is a
1-dimensional invariant subspace. When this happens, A is called an eigenvalue of T'.
If v # 0, then v is called an eigenvector of T corresponding to .

~N
Proposition 25.4

The following are equivalent:
1. A is an eigenvalue of T'.
2. T — X\ -Idy is not injective.

3. T'— X\ -1dy is not surjective.

4. T — X\ -Idy is not invertible.
. J

Proof. We’ll prove that (1) <= (2).

Tw) =M <= TW)— =0 < (T —MNdy)@v) =0 <= T — Ady is not
injective.

(2) <= (3) <= (4) since (T — Nldy) € Z(V). O

Eigenvectors for distinct eigenvalues are linearly i

Proposition 25.5

Let T € Z(V) and A1, ..., Ay, be distinct eigenvalues with eigenvectors vy, ..., vp,.
Then vy, ...,v,, are linearly independent.
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§26 October 22, 2018

Proof. Suppose v1,...,vn, is linearly dependent. Then by the linear dependence lemma,
there is a smallest k such that vy € span(vy,...,vx_1), where vy,...,vx_1 are linearly
independent. Then vy = ajv1+...+ag_1vk—1 = T(vk) = e \iv1+. ..+ ap—1 A\k—1Vk—1.
So we have

0= M\pvp — T(’Uk) = (al/\k — al)\l)vl + ...+ (akfl/\k’l)kfl)kal
= a1\ = A)vr + o+ ap1 (M — Ae—1)vp—1

but since vy,...,v;_1 are linearly independent, then a;(A\y — A\;) =0 for 1 <i <k — 1.
This forces a; = 0 since A\ # A; by assumption. This is a contradiction. O

Corollary 26.1 (Number of Eigenvalues < Dimension)
Let dimV =n. Then T € Z(V) has at most n distinct eigenvalues.

Proof. Suppose A1, ..., A, are distinct eigenvalues with eigenvectors vy, ..., v, Then the
proposition says that v1,...,v,, is a linearly independent list of length m, so m < n by
Proposition 7.9. O

§26.1 Polynomials Applied to Linear Operators
Let T € Z (V). Define:

o deéfTo---oTeg(V)
—_—

m times

def

o 7O 1dy, € 2(V)

ef

o If T is invertible, then 7-™ % 7-15... o 771
——

m times
Let p(x) € P(F) be polynomial with p(x) = ap + a1 + ... + axa™.

Definition 26.2. P(T) ¥ aoldy + a1T + ... + a,T" € Z(V).

Example 26.3

V = P(F) and D € Z(V) (differentiation)
Let p(z) = 7 — 3z + 5z2

Then p(D) = 7ldy — 3D +5D% € Z(V).

§26.2 Existence of Eigenvalues

Eigenvalues don’t always exist! Their existence usually depends on the field.
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Example 26.4 (Eigenvalues Existing in C but not in R)

T :F?2 F?
(337 y) H(_yv :L“)

Then an eigenvector corresponding to an eigenvalue A has the form 7T'(v) = Av, i.e.
(—y,2) = A(x,7y). This means that A\x = —y and Ay = z so (\2 + 1)y = 0.
Then either y = 0 (which forces x = 0, i.e. v is not an eigenvector) or A2 + 1 = 0.
If F = R, there are no eigenvalues.
If F = C, then A =i, —t are eigenvalues.

N
Theorem 26.5 (Maps in Vector Spaces over C have Eigenvalues)
Let V # {0} be a finite dimensional vector space over C. Let T € .Z(V). Then T
has at least one eigenvalue.

. J

Proof. Pick v# 0 € V. Let n = dim V. Then the n + 1 vectors v, T'(v), T?(v), ..., T"(v)
must be linearly dependent. So there exist ay, ..., a, not all zero such that

agv + a1T(v) + ... 4+ a,T"(v) = 0.

Let p(z) = ap+aiz+...+a,2"™ € P(C). Since F = C, then p(z) = an(x—A1) -~ (z—Apn)
— (T — MIdy) - (T — M\pIdy ) (v) = 0.
So at least one of T' — A;Idy must not be injective. This is equivalent to 1" having an
eigenvalue \;. O

§27 October 24, 2018
Let V be a finite dimensional vector space and T' € £ (V). Choose a basis vy, ..., v, of
V and use the same basis for the domain and codomain of 7™

ailr ... Q1in
M(T, (v1,...,0y) =

Gn,1 --- Qnn

Example 27.1

Find the matrix of T : R? — R? with T'(z,y) = (—x+vy, —6x+4y) using the standard
basis.

Solution. M(T) = (:é i) . O

Example 27.2
Find the matrix of T : R? — R? with T'(z,y) = (—z + y, —6z + 4y) using the basis

(2)-(2)
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Solution. M(T) = <(1) ;) . O

Definition 27.3. A matrix is called upper-triangular if the entries below the diagonal
are zero.

Let T € (V) and choose a basis v1, ..., v,

4 N\
Proposition 27.4

The following are equivalent:
(1) M(T) is upper triangular

(2) T(vj) € span(vy,...,v;) foreach j=1,...,n

(3) span(vi,...,v;) is invariant under T for j =1,...,n.
. J

Proof. (1) <= (2): The matrix is upper triangular <= all coefficients below a; ; is 0,
i.e. T(’Uj) =a1;v1+...+a;5;9 +Qj1,V41 + ...+ A jVn = Q1,01 + ...+ Q; V5.

(3) = (2) follows from definition: x € span(v1,...,v;), then so is T'(x). In particular,
T'(vj) € span(vi, ..., v;)

(2) = (3): Let = € span(vi,...,vj) Then z = bjv; + ... + bjv; and so Tx =
biTvi + ...+ bjTv;. We want to show that Tx € span(vy,...,v;), so it suffices to show
that Tvy,...,Tv; € span(vy,...,v;). However, we know that Tv; € span(vy,...,v;) C
span(vi, ..., vj). O

Theorem 27.5 (Operators over Complex Space Have Upper Triangular Matrices)

Let V be a finite dimensional vector space over C and T € £ (V') Then there exists
a basis of V' for which M(T') is upper triangular.

Proof. Induction on n = dim V. For the base case, every 1 x 1 matrix is trivially upper
triangular.

For the inductive step, let n = dim V. Assume that the statement holds for all finite
dimensional vector space W over C such that dimW < n = dimV. Now let A be an
eigenvalue of 7' (which exists since F = C). Let W = Im(T — Aldy) C V.

Claim 1: dimW < n=dimV.

Proof of Claim 1: T'— Aldy is not surjective, so W C V.
Claim 2: W is invariant under 7.

Proof of Claim 2: Let w € W. Then T(w) = T'(w) — Aw + Aw = (T — Idy ) (w) + Aw
which is in W

Claims 1 and 2 imply that we can restrict T', T'|yy : W — W. Since dim W < n, then
by the inductive hypothesis, there is a basis wy, . .., wy, of W such that M(T'|yw) is upper

triangular.

Extend this to a basis of V w1, ..., wmy,v1,...,Vp_m. Now for each kK =1,...,n —m,
T(vg) = (T — Idy)(vg) + A\vg, where (T — Mdy)(vgx) € W = span(wy, ..., w,) and
vg € span(wi, . .., Wy, v1,...,Vg). Thus, T'(vg) € span(wi, ..., Wn, V1, ..., V).

By Proposition 27.4, M(T) is upper triangular with respect to the basis wi, ..., Wy, v1, . ..

O]

Let V be a finite dimensional vector space over F andT € £ (V)
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Proposition 27.6

Suppose there exists a basis for V' for which M(T') is upper triangular. Then T is
invertible <= 0 is not on the diagonal of M(T).

A1k % %
0 )\2 *
Proof. Suppose M(T, (vy,...,v))=1| . . . with \; # 0 for all .

0 0 ... M\

Then T'(v1) = \v; = v = /\%T(vl) = T(f’\—i7 sovy € ImT.

T(v2) = a12v1 + Aovy = Vg = T(%) — a;—jvl, SO v9 is also in Im 7. Similarly,
v1,...,V, € ImT so T is surjective, and thus invertible.

Conversely, suppose that T' is invertible. Note that M(T') is upper triangular —
T(v1) = AMv1 # 0 since otherwise, v; € ker T', which is impossible since T is injective.
Thus )\1 75 0.

Suppose that A\; = 0 for some 2 < j < n. Then T'(v;) = a1 v1 + agjva + ... +
aj—1,5Vj—1 —f—M so that T(Uj) € Span(vl, ce ,1)]'_1)

Since T is upper triangular, T'(span(vy,...,v;)) C span(vi,...,vj—1), where the LHS
has dimension j and RHS has dimension j—1, so 7" is not injective and thus not invertible,
contradiction. ]

§28 October 29, 2018

Proposition 28.1
If M(T) is upper triangular, then the eigenvalues of 7" are the diagonal entries.

Al ox % ok %
0 )\2 *x
Proof. Suppose M(T) = | 0 0 Az * x| Let A\ € F. Then M(T — Mdy) =

*
*

0 0 0 X,

0
A1 — A * * *
0 )\2 - A *
0 0 Az — A A is an eigenvalue of T' <= T — Aldy is not
0 0 0 0 A=A
invertible <= X — \; = 0 for some 1. O

§28.1 Eigenspaces
Let V be a finite dimensional vector space over F and let T € £ (V), A € F.

Definition 28.2. The eigenspace of T' corresponding to A is E(\,T) et ker(7'— Aldy ).

i.e. it is the set of all eigenvectors of T corresponding to lambda, together with 0.

Remark 28.3. ) is an eigenvalue of T <= E(\,T) # {0}.
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Example 28.4

5 0 0
Te LR ,M(T)= 10 19 0 | then
0 0 19

E(5,T) = span(v;) E(19,T) = span(va, v3).

Let V be a finite dimensional vector space over F with T' € £ (V) and let A1,..., A\,
be distinct eigenvalues of T'.

Proposition 28.5

EM,T)+ ...+ E(\,,T) is a direct sum and dim E(A\;,T) + ...+ dim E(\,,T) <
dim V.

Proof. Let u; € E(\;,T) for i = 1,...,nand suppose uj + ... + u, = 0. By Propo-
sition 25.5, u; = 0 so the sum is direct, so dim E(\,T) + ... + dim E(\,,T) =
dim(E(\,T)+ ...+ E(\,,T)) < dim V. O

§29 October 31, 2018

Definition 29.1. An operator T' € .Z (V) is diagonalizable if there exists a basis of V'
for which M(T) is diagonal.

Example 29.2
T € £ (R?) defined by T'(z,y) = (41a+T7y, —20x+74y). Then M(T, standard basis) =

<_421 0 774> But T is actually diagonalizable. Take basis (1,4), (7,5) so that
T(v1) = (69,276) =69-v1 +0 -vs
T(vg) = (322,230) = 0 - vy + 46 - vy

so M(T, (v1,v2)) = (609 406>'
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4 N
Theorem 29.3 (Conditions for Diagonalizability)

Suppose that V is a finite dimensional vector space over F and T € Z(V). Let
A1, .-, Am denote all of the distinct eigenvalues of 7. Then the following are
equivalent:

1. T is diagonalizable.
2. V has a basis of eigenvectors of T'.

3. There exist 1-dimensional subspaces Uy, ..., U, of V each invariant under T’
such that V=U; ® --- ® U,,.

4. V=EMN,T)® - ® E(\n,T).

5. dimV =dimE(A\,T) + ... + dim E(Ap,, T).
\. J

Proof. (1) <= (2): M(T) is diagonal with respect to the basis v1,...,v, <= T(v;) =
)\i'vi Vizl,...,n.

(2) = (3): Let v1,...,v, be a basis of V consisting of eigenvectors. T'(v;) = \jv; =
U; := span(v;) is invariant under 7" and is 1-dimensional. Moreover, V =U; @ --- ® U,
since vy, ..., v, is a basis.

(3) = (2): U; = span(v;) for some v; # 0 € V. Since U; is invariant under 7', then
T(v;) = \vi, A\ €F. Since V=U; & --- ® Uy, then vq,...,v, is a basis.

(2) = (4): Any v € V is a linear combination of eigenvectors = V C E(\,,T) + ...+
E(A\p,T). Since A1, ..., Ay, are distinct, Proposition 28.5 implies that the sum is direct.
)
)

v1,...,V, which has length n.

Claim: vy, ..., v, is a basis.

Proof: Suppose ajvi+...+a,v, = 0. Rewrite this as u1+. . .+u,, = 0 with u; € E(\;, T),

U; = Z arvr with vy € E(N\;, T). Then uy, ..., u,, are linearly independent since each
k

u; = E(\;, T) so it’s an eigenvector, and eigenvectors corresponding to distinct eigenvalues
are linearly independent, so u; = 0 so ux = g apvr — 0 = ay = 0 since v;’s form a
k

basis of E(A;,T). Apply to each U;. Finally, v1,...,v, is a list of linearly independent
vectors of length n = dim V', and must therefore be a basis. O
Example 29.4
T : C?> - C? mapping (w, z) — (z,0). M(T) = (8 é) Eigenvalues: 0 € C and

E(0,T) = {v e C?*| T(v) = 0} = {(w,0) € C?} so dim E(0,T) = 1, so T is not
diagonalizable.

\
Corollary 29.5

Suppose dimV = n. If T € Z(v) has n distinct eigenvalues, then T is diagonalizable.

J

Proof. A1,...,\, distinct eigenvalues with corresponding eigenvectors vy, ..., v,. They
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are linearly independent, so they must be a basis. By (2) = (1) of the theorem, we are
done. O

8§30 November 5, 2018

§30.1 Inner Product Spaces
Let V =R" and let ¥ = (x1,...,2p).

Definition 30.1. The norm of ¥ is

Hi"H:\/m%—Fx%—i-—kx%

Definition 30.2. For %,y € R, the dot product is

—

T-y=z11 +T2Y2 + ... + Tp¥n.
Remark 30.3. |7||> = 7 7.

Definition 30.4. The angle 6 between ¥ and y € R" is

Properties
e Z7-7>0and ¥ - Z=0 < ||| =0 < =0
« T j=y-F

e Fix i € R". The map Dy : R" — R taking Z + Z' - ¥/ is linear.

Now let V be a vector space over F = R or C.

Definition 30.5. An inner product on V takes in an ordered pair of vectors (i, 7) € V2
and outputs (u,v) € F satisfying:

1. (7,9) > 0 for all v € V (in particular (v,v)).
2. (7,0) =0 <= =0

3. (U+ v, W) = (U, W) + (U, W)

4. (N U,W) = \- (U, )

5. (u,v) = (¥, )
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Example 30.6

Examples of inner products:

1. V=R"F =R and (,) = dot product.
((#1,--,Tn), (Y1, Yn)) = T1y1 + ... + TnYn € R
2. V=C"F=Cand ((21,...,2n), (W1, ...,wp)) = 2101 + 20W3 + . . . + 2,Wy,.

(Z,2) =mZi+ 20T + ... + 2% = |21 + 2 + ...+ |za]? > 0.

3. V=P(R),F=R and (p,q) = /000 p(z)q(x)e " du.

4. V={f:[-1,1] = R | f is continuous},F = R and (f,g) = f_ll f(z)g(z) dx.

Definition 30.7. An inner product space is a vector space with an inner product.
These axioms have some straightforward consequences:
1. Fix @ € V. Define T : V — F with ¢+ (¥, ). Then Ty is linear.
2. (0,@) =0 forall @ e V.

—

3. <ﬁ76+u_j> = <u,v> + <ﬁ7u_j>

Proof. (i,V+ W) = (¥4 W, u) = (¥, ) + (W, @) = (&, V) + (U, W). O
4. (@,0) =0 forall T € V.

8§31 November 7, 2018

def

Definition 31.1. The norm ||9]| = /(v,v) satsifies

o |7 =0 < (#,0)=0 < ¥=0.
o [[AT]] = /(AT AG) = [A[ - [ 7]].

Definition 31.2. Two vectors @, 7 € V are orthogonal if (47v) = 0.

Example 31.3 (Orthogonality in R?)
V =R2%F =R(,) = dot product.
Then ((z1,41), (2,42)) =0 <= 122 + Y192 = 0.

— Y1Y2 = —X1T2
e ¥ _ _z2 _ _ 1
1~ oy 2
D)

<= vectors are perpendicular.
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Theorem 31.4 (Pythagorean Theorem)
Suppose i, v € V are orthogonal. Then

- =12 =12 =12
1@+ 7" = [l]l” + [|19]]

Proof.

§31.1 Orthogonal Projection
Idea: Given @,v € V, find ¢ € F and & € V such that & = ¢+ W, where W is orthogonal
to 7.

Then 4 = ¢t + (4 — cv). We want (W, v) = 0.

‘:—/
w
(W,0) =0 <= (U—ct,7) =0
— (U,V) + (—ct,7) =0
— (U,0) —c(v,9) =0
= (U,7) = (v, 0) = c||7]
This shows that
(@) o (D)
Cc = ) w=u— = 2'1).
19| 19]]

§31.2 Cauchy-Schwartz Inequality
Suppose 4,V € V. Then

&
Cl

Moreover, equality holds <= one of is a scalar multiple of the other.

Proof. If v = 0, then both sides of the desired inequality are 0, and we are done. Assume

7 #0.

Consider the orthogonal decomposition & = <||u HU>U + @ where 0 is orthogonal to .
U
By the Pythagorean Theorem,
<>q2 2
l4]|* = Bk + [l
(@ - 181, e
= + |||
4
il
T -
—5— + [
1]l
(@, )|
- )
gl
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and the result follows. Equality holds <= @[> ||| =0 <= |@]|* =0 < 7isa
multiple of 4. O

Example 31.5
Let Z = (z1,...,2n),¥ = (Y1,.-.,Yn) € R™ with the dot product. Then Cauchy-
Schwartz tells us that

2 2

Ty + ot Tyt < (@ 22 D).

8§32 November 9, 2018

Theorem 32.1 (Triangle Inequality)
Suppose u,v € V. Then |lu+ v|| < |lu]| + ||v].

Proof.

lu—+v|* = (u+v,u+v)

= (u,u) + (u,v) + (v, u) + (v,v)

= (u,u) + (v, v) + (u,v) + {u,v)

lull? + lol|* + 2% (u, v)

lull® + loll* + 2 [(u, v)|

||u|| + ||v|| + 2 ||lu|l |lv]] by Cauchy-Schwartz

= (|lull + Ilvl)? ]

IN

Definition 32.2. A list of vectors is called orthonormal if each vector in the list has
norm 1 and is orthogonal to all other vectors in the list. i.e. ey,..., ey, is orthonormal if
1 i=j

(e ej) = 0 it

Example 32.3

Orthonormal lists

e the standard basis in R™ or C™ with respect to the dot product

° (%, ig, %) , (—\%, %,O) in R? or C3.

o (i, S —l) added to the list above

[
Lemma 32.4

If e1, ..., ey is an orthonormal list of vectors in V', then

later + ... + amem|® = |a1|* + ... + |am|?
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Proof. Since |le;|| = 1 for each j, we can apply the Pythagorean Theorem repeatedly to
obtain the result. O

Proposition 32.5

Every orthonormal list of vectors in V' is linearly independent.

Proof. Suppose that eq,...,ep, is an orthonormal list and a1, ...,a, € F are such that
aier + ...+ amen = 0.
Then take the norm of both sides and apply the lemma to obtain

lar*+ ... Flam>=0 = a; =0
SO €1, ..., ¢en is linearly independent. ]

Definition 32.6. An orthonormal basis of V is an orthonormal list of vectors in V'
that is also a basis.

Example 32.7
vV =R%
(1111 (11 1 1
U1 = 2'9'979 V2 = 2°9' 97 9
1 11 1 11 1 1
U3 = a9’ a'a’ o Vg = a'’a’ o' o
27 2'2" 2 2°2° 20 2
Proof. To see that this is a basis, we’ll check that it is an orthonormal list.

(3 () )+ ()

Check that v; - v; = 0 for i # j so the orthonormal and linearly independent list of length
4 must be a basis. O

Proposition 32.8

Suppose e, ..., e, is an orthonormal basis of V and v € V', then

v=(v,e1)er1 + ...+ (v,en)en

Proof. Since eq,...,e, is a basis of V, there are scalars ay,...,a, € F such that v =
aie] + ...+ apey.
Since ey, ..., e, is orthonormal, consider the inner product

(v,e5) = (are1 + ... + anen, €;)
= (aie1,€j) + ...+ (anen, €;)
= aj(ej, ;)

:a’j
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8§33 November 12, 2018

§33.1 Gram-Schmidt Procedure

Let V be a finite dimensional vector space.

Input: A linearly independent list v1,..., vy, in V.
Output: An orthonormal list ey, ..., ey, satisfying span(vq,...,v;) = span(ey,...,€;)
forj=1,...,m
Step 1: e; = || H Note (e1,e1) = 1.
v; — (vj,er)e Vi, ei_1)€i_
Step j: ej = —2 —pener = = (U 6-1)€ . Verify that (e;,er) = 0 if j # k.
[v; = (vj,er)er — ... = (v, ej-1)ej]|

Note that e; € span(vi,...,v )

vy — (2, €1)e1
vz = (v2, er)en |
This shows that span(eq, ...,e;) C span(vi,...,v;). Since both lists are linearly indepen-
dent, they both have dimension j, so span(ey,...,e;) = span(vi, ..., v;).

e.g. e; € span(vy) and ey = € span(v,v2).

Example 33.1
V = R3 with the dot product as inner product.

v = (1, 1,0) Vo = (2,2,3) V3 = (0, 1, —1)

Solution. Applying Gram Schmidt to vy, v, vs,

(1,1,0) 1 1
St 1: =" "’ = —.—.0].
PEATIL Lol T \Ve Ve

v (mener (223)- (223 (% 5.9)) (& 45:0)

Step 2: ey, = = _
v — (v2, e1)en| |numerator||
2,2,3) — (2,2,0
o] -~ 001
numerator

Step 3: The numerator of e3 is v3 — (vs,e1)e; — (v3,ez)es = (0,1,—1) — (0,1, —1) -

11 1 11
— —(0,1,-1) - Dey = (0,1,-1) — — =

es = (~ 25 45:0). 0
Consequences of the Gram-Schmidt
1. Every finite dimensional inner product space has an orthonormal basis.

2. Any orthonormal list can be extended to an orthonormal basis

3. Suppose T' € Z (V') and there exists a basis vy, ..., vy, of V such that M (T, (v1,...,vm))

is upper triangular. Then there exists an orthonormal basis ey, ..., e, such that
M (T, (e1,...,en)) is upper triangular.

Proof of (3). Apply the Gram-Schmidt procedure to vy, ..., v, to get an orthonormal

list ey,...,en. Since span(vi,...,v;) = span(ey,...,e;) for each j = 1,...,m, M(T)
is upper triangular means T'(span(vi,...,v;)) C span(vi,...,v;). This means that
span(v,...,v;) is T-invariant, which means that span(ey,...,e;) is also T-invariant, so
that M(T, (eq,...,en)) is upper triangular. O
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§34 November 14, 2018

Linear Functionals on an Inner Product Space

Let V be a finite dimensional inner product space and ¢ : V' — F be a linear functional.
Let eq,..., e, be an orthonormal basis of V. If v € V, then by Proposition 32.8, we can
write v as v = (v,e1)e; + ...+ (v, ep,)e,. Then
P(v) = (v,er)oler) + ... + (v, en)P(en)
= (v,e1(er)) + ...+ (v,end(en))
= (v, e19(er) + +6n¢(€n)>

call this vector u

= <U7u>

Note that u does not depend on v, so ¢(v) = (v,u) for all v € V. This motivates the
following theorem:

Theorem 34.1 (Riesz Representation Theorem)
For every ¢ € V, there exists a unique u € V' such that

d(v) = (v,u) YveV.

Proof. Since existence has already been shown above, it suffices to show that this
representation is unique. Suppose there exist u1, ug such that (v,u1) = (v,us) Yv e V.
= (v,u; —ug) =0foralveV.

Choose v = uj — ug, then 0 = (u; — ug,u; —u2) = |Jug — w2l = w1 —ux =0 =
UL = Ug. ]

Example 34.2
1

V = Py(R) with (p,q) = / p(e)a(e) de

Then Gram-Schmidt prod&ces the orthonormal basis
1 \/§ \/E , 1
el = —— €o — — X €éq — — 95 — =
1 ok 2 5T 3 3 3

1
Let ¢ : P2(R) — R sending p — / p(z) cos mx dx.
-1

1

We want to find ¢(z) € Pa2(x) such that ¢(p) = (p,q), ie. / p(z)cosmrdr =
-1

1
/ p(x)q(z) dz. Note that we can’t take g(z) to be cosma since cos wx is not in Pa(R).
-1

Riesz Representation Theorem tells us that ¢(z) is equal to

([ Jgeomaas)3a( [ \foreommoae ) [ (2 3) ([ evcomneas)
()
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§35 November 16, 2018

§35.1 Adjoint of an Operator

Let (V,{(,)v), W, (,)w be two inner product spaces. Let T': V' — W be a linear map.

Definition 35.1. The adjoint of T is the function 7% : W — V such that

(T(v), whyw & (v, T*(w))y

forallve V,w e W.

To show that this definition makes sense, fix w € W and consider ¢ : V — F defined
by ¢(v) := (T'(v), w)w. By Riesz Representation Theorem, there is a unique u € V such
that ¢(v) = (v,u)y. Thus, we just call/define u as T'(w).

Example 35.2

Find the adjoint of T : R® — R? with the dot product sending (z1,xs,x3)
(561 + x9, 229 + 563).

Solution. T* : RZ2 — R2.

((z1,22,23), T"(y1, y2) s = (L1, 22, 23), (Y1, Y2))r2
= ((w1 + w2, 222 + x3), (Y1, Y2))R2
= y1(z1 + 2) + Y2(272 + 73)
= r1y1 + 22(y1 + 2y2) + 23y2
= ((z1, 72, 73), (Y1, Y1 + 292, Y2) )3

S0 T*(ylayz) = (y17y1 + 2y27y2)' O

Proposition 35.3 (The Adjoint is a Linear Map)
IfTeZ(V,W), then T* : W — V is linear.

Proof. Fix wy,ws € W and let v € V.

(v, T"(w1 + w2))v = (T (v), w1 + w2)w

= (T(v),w)w + (T (v), w2)w
= (v, T"(w1))v + (v, T (w2))v
(v, T"(w1) + T"(w2))v

so T (wy + wa) = T (wy) + T (w2).
Now let A\e Fand we W. If v € V then

so T*(A\w) = AXT*(w). O
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Properties of the Adjoint
Let S, T € Z(V,W).
1. (S+T) =8*+1T"
Proof. (v, (S + T)"(w))v = <(g + T)(v), wyw = (S(v),w)w + (T(v), w)w

&
+
EE
B
<
mill

(v, S*(w))v + (v, T*(w))v = (v
2. (AT)* = AT™.
3. (T =T.

Proof. (w,(T*)")w = (T*(w),v)y = (v,T*(w))v = (T(v), w)w = (w, T(v))w O
4. I =1.
5. (ST)* = T*S*.

§36 November 19, 2018
4 )
Proposition 36.1 (The Matrix of 1)

Let T € Z(V,W), e1,...,e, be an orthonormal basis of V', and fi,..., f;, be an
orthonormal basis of W. Then

M(T* (i, fn)s (€1, - - em)) = M(T) .
N J

a1.1 c.. Q1n
Proof. Let M(T) =
m,1 --- OGmn

T(ex) = arpfi+- -+ ampfm = (Tlex), fi)fi+- .-+ (T(ex), fm)fm, 50 aip = (T(er), fi)-

)

b1 ... bl,m
Now, also M (T%) = :
bni oo bum

T*(fx) = biger+...+bpren = (T"(fr), er)er+... +(T"(fk), en)en, 50 bix = (T (fr), &)
Hence,

= (T"(fk), €i)

= (fi, (T7)"(e3))

= (f&, T(ei))

= (T(e:), fi)

= Qk; O

Now we take the case when V. =W, ie. T € Z(V).

Definition 36.2. T is self-adjoint if 7" =T, i.e.
(T(vi),v2) = (01, T(v2))  vi,v2€V.

Definition 36.3. T'isnormal if ToT* =T*o T.
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Note that self-adjoint = normal.

—— <t

Remark 36.4. If T is self-adjoint, then M(T") = M(T) with respect to an orthonormal
basis of V.

Example 36.5
T : C? — C? with respect to the standard basis. Then

3 i 241
MT)=| — 7 0
2—9 0 9
Remark 36.6. Normal # self-adjoint.
Example 36.7
T : R? — R? with respect to the standard basis. Then M(T) = ({23 _23> is not

- N «_ (2 3\ (2 =3\ (2 -3 2 3\ _ (00
self-adjoint. But 71T —TT (_3 2) <3 2> (3 2)(_3 2><0 0)7

so T is normal.

Remark 36.8. S :=T*T — TT" is self-adjoint.

Proposition 36.9

Self-adjoint operators have real eigenvalues.

Proof. Suppose T is self-adjoint and Tv = Av, v # 0. _
Mlvl? = Mo,v) = (o, 0) = (T(v),0) = (0,T*(v)) = (v,T(v)) = (v,3) = \(v,v)

O

Mol = A =X since |jv]* #0.
4 N\
Proposition 36.10
If T is self-adjoint, then
(T(v),v) =0 YveV < T =0.
. J
4 N\
Corollary 36.11
T is normal < ||T(v)|| = ||T*(v)| VYveV.
. J
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§37 November 26, 2018

Proof. Define S :=T*T —TT*.

T is normal <— S =0

S is self-adjoint

(S().v) =0 YueV

(T*T —TT")(v),v) =0

(T*T(v),v) = (TT*(v),v)

(T'(v),T(v)) = (T"(v), T (v))

[T ()|l =[T*()| YveV. O

rreeey

Proposition 37.1

T is normal <= T — Ald is also normal.

Proof. See Axler. O

Corollary 37.2

T normal = eigenvectors corresponding to distinct eigenvalues are orthogonal.

Proof. Suppose T'(v) = \v and T(w) = fw where A # 8 and v, w # 0. Then

0= (T(v),w) = (v, T"(w))

= (M, w) — (v, Bw)
= Av,w) — B{v, w)
= (A= B)(v,w)
Since A # 3, then (v, w) = 0. O

§37.1 Spectral Theorem over C

4 N
Theorem 37.3 (Complex Spectral Theorem)

Let V be a finite dimensional vector space with F = C. Let T' € £ (V). Then the
following are equivalent:

1. T has a diagonal matrix with respect to some orthonormal basis of V.
2. V has an orthonormal basis of eigenvectors of 7.

3. T is normal.

J

Proof. (3) = (1): Let n = dimV. By Theorem 27.5, we know that V has a basis

a171 . aLn
el, ..., en such that M(T) is upper-triangular, ie. M(T)=| : ..t |. Applying
0 ... aun
Gram-Schmidt to this list, we can assume that ey, ..., e, is an orthonormal basis.

o4
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a1 ... 0
We claim that M(T) is already diagonal. To see this, consider M(T%) =
Tin - Gnm
T*(e1) = @11€1 + ... 4 Grpen. So T normal = || T*(e1)|| = | T(e1)|| = |a11* +
.+ ag, n] = |ay, 2 aj2 =...=ay, = 0. Repeating this argument for the other
rows of M(T') yields the desired result. O
(1) = (3): Suppose there exists an orthonormal basis e1, . . . , €, such that M(T, (e1, ..., €,)) =
A1 0 Ao... 0
: . |- Then M(T*)=1| + ..
0 ... A\ 0 ... M
To show that TT* = T*T, it suffices to check that M(T)M(T*) = M(T*)M(T),
which holds because they are both diagonal matrices. O
(1) <= (2): This holds by Theorem 29.3. O
§37.2 Spectral Theorem over R
~N

[
Theorem 37.4 (Real Spectral Theorem)

Let V be a finite dimensional vector space with F = R. Let T' € £ (V). Then the
following are equivalent:

1. T has a diagonal matrix with respect to some orthonormal basis of V.

2. V has an orthonormal basis of eigenvectors of T

3. T is self-adjoint.
- J

8§38 November 28, 2018

§38.1 Positive Operators

Definition 38.1. T' € Z(V) is positive or semi-definite if it is self adjoint and (T'v,v) >
0 forallveV.

Remark 38.2. Positive operators have nonnegative eigenvalues.
Proof. 0 < (Tv,v) = (Av,v) = Av,v) = \||v|>. O
Definition 38.3. A square root of T € Z(V) is an R € £ (V) such that T = R2.

Proposition 38.4

Positive operators have positive square roots.

Proof. Use the Spectral Theorem to obtain a diagonal matrix of nonnegative elements.
Take the square root of each element to obtain matrix R. 0

Proposition 38.5
If T e £(V), then S :=T*T is positive.
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Proof. S is self adjoint because S* = (T*T)* =T*(T*)* =T*T = S.
Positivity condition: (Sv,v) = (T*Tv,v) = (Tw, Tv) = || Tw||* > 0. O
§38.2 Singular Value Decomposition

Let V have dimension n and T' € £ (V). T*T is positive = it has a square root

VIT*T.

Definition 38.6. The singular values s1,...,s, of T" are the eigenvalues of T*T,
each one repeated dim E(s;, VT*T') times.

Order the singular values so that s; > so > ... > s, > 0.

4 ™\
Theorem 38.7

Let (V,(,)) be an inner product space over R of dimension n. Let T' € £ (V') be a
linear operator with singular values si,...,s,. Then there exist orthonormal bases
€1,...,en and f1,..., fp of V such that

S1 0 0

0 s9 0
M(T, (e1,...,en), (fi,-- s fn)) = :

0 O Sn

In particular, T'(e;) = s; f;-
Since v = (v,e1) + ... + (v, en),

T(v) =si1{v,er)fi+ ...+ sp(v,en)fr, forallveV

Example 38.8

Let A be the matrix of T with respect to the standard basis of T'.
The SVD Theorem is equivalent to saying there are unitary matrices U, V such that

A=U-%-V*

where ¥ is the diagonal matrix whose diagonals contain the singular values of T'.
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